A multiconfiguration self-consistent field/molecular dynamics study of the (n→π * A quantum kinetic theory of molecule formation is presented which includes three-body recombination and radiative association for a thermodynamically closed system which may or may not exchange energy with its surrounding at a constant temperature. The theory uses a Sturmian representation of a two-body continuum to achieve a steady-state solution of a governing master equation which is self-consistent in the sense that detailed balance between all bound and unbound states is rigorously enforced. The role of quasibound states in catalyzing the molecule formation is analyzed in complete detail. The theory is used to make three predictions which differ from conventional kinetic models. These predictions suggest significant modifications may be needed to phenomenological rate constants which are currently in wide use. Implications for models of low and high density systems are discussed. C 2015 AIP Publishing LLC. [http://dx
I. INTRODUCTION
Molecule formation via three-body recombination (TBR) and radiative association (RA) and their destructive inverses, collision induced dissociation (CID), and photodissociation, are fundamental processes in gas phase chemistry that have been extensively studied for more than fifty years. Whether a molecule forms by TBR or RA is largely determined by the density of the gas; however, in both cases, the rate of formation is influenced by quasibound states trapped inside a centrifugal barrier. The widely used orbiting resonance theory (ORT) developed by Roberts, Bernstein, and Curtiss 1 assumes that recombination is dominated by quasibound orbiting resonances which stabilize to a bound state upon collision with a third body. RA as a mechanism for molecule formation is important at low densities such as occur in molecular clouds. [2] [3] [4] [5] [6] [7] [8] [9] [10] The orbiting resonances are believed to contribute to RA in a similar manner to collisions but with stabilization to a bound state occurring through spontaneous emission of a photon. While quasibound states are central to both processes, the role of narrow resonances is problematic because it relies on a kinetic model to account for the population of the long-lived states. Normally, a kinetic model which assumes an equilibrium distribution of unbound states yields the largest resonant contribution to the formation rate. The assumption of equilibrium is removed in kinetic models which attempt to determine the steady-state population of the resonant states. A steady-state solution to a governing master equation should be more accurate than an equilibrium approximation. However, steady-state approximations that are conventionally used in RA [4] [5] [6] [7] [8] [9] [10] and TBR 11 allow for the depletion of long-lived resonances but neglect mechanisms for their repopulation. In both cases, the molecule formation rate γ i (T) for the resonant state i is equal to an equilibrium constant weighted by a ratio of decay widths and may be written in the form
where f is a kinetic feedback term that contains information about interactions with other bound and unbound states. For RA, the decay widths account for tunneling and emission of radiation. [4] [5] [6] [7] [8] [9] [10] For TBR, the radiative width is replaced by a collision term which depends on the third-body concentration. 11 Because the feedback f generally depends on unknown concentrations, it is usually neglected. This approach can significantly reduce the resonant contribution to the formation rate and has correctly been criticized in the case of TBR by Schwenke 12 and Pack, Walker, and Kendrick. 11, 13 Their master equation analysis demonstrated the importance of direct threebody collisions which are missing in kinetic models based on ORT. It was shown 13 that when three-body collisions are included in the feedback term in Equation (1), the long-lived resonances are not totally depleted. We further show in this paper that the feedback term is essential for maintaining local thermodynamic equilibrium (LTE) when there is no energy exchange between the system of interest and its surrounding environment. The possibility that radiative transitions could play a similar repopulating role for resonant RA is also investigated. For astrophysical environments, it is desirable to consider non-LTE systems where energy loss due to escaping photons is balanced by gravitational contraction. For the purposes of this work, we assume that steady-state level populations and particle abundances may be obtained at a constant temperature.
For TBR, the relative importance of direct (D) versus indirect energy transfer (ET) and exchange (Ex) mechanisms has been a subject of interest and some controversy. The quantum kinetic theory of Snider and Lowry 14 was used by Wei, Alavi, and Snider and showed different temperature dependencies. Esposito and Capitelli 17 have performed the most complete classical trajectory study for hydrogen recombination. All three recombination mechanisms were included in their calculations, and the contributions from each mechanism were again found to be distinctly different. Another recent study by Perez-Rios et al. 18 provides a comparison of classical and quantal calculations for helium TBR which contains interesting and important results. Although not central to the main issues tackled in their paper, it was suggested that their study provides an indirect test of the assertion 15 that all alternative three-body mechanisms should produce identical TBR rate coefficients. Because the 4 He dimer has only one bound state and no resonances, ORT predicts a vanishing TBR rate, whereas their quantal and classical calculations produced direct recombination rates that exceed 10 −30 cm 6 /s at low energy. Based on their results, they state "It remains unclear how this might be reconciled with the conclusions of Ref. 15 ." This apparent disagreement between a formal proof and the results of practical computation is clearly unsatisfactory.
While the proof 15 has not been widely accepted, it has been employed by the present author in a Sturmian theory 19 which formulates TBR using the ET mechanism and with proper statistical accounting assumes the result represents the entire TBR rate constant. The present work extends the Sturmian formulation to include TBR and RA for closed thermodynamic systems which may or may not exchange energy with their surroundings. A steady-state solution to a master equation is obtained which is self-consistent in the sense that detailed balance between bound and unbound states is rigorously enforced in order to account for the feedback in Equation (1) . An independent proof is given which clarifies the interpretation of the alternative recombination mechanisms and reconciles the apparent contradiction described above. The self-consistent solution also allows three predictions to be made which suggest that significant modifications may be needed to phenomenological rate constants which are currently in wide use. These predictions are (i) steadystate TBR and RA rate constants for an isolated system cannot depend on concentration or tunneling widths, (ii) resonant TBR and RA rate constants should account for both depletion and repopulation of quasibound states, and (iii) for any closed system at constant temperature, the steady-state resonant contribution should be included in its entirety (i.e., without removal of contributions from long-lived quasibound states). The justification for these predictions is given in the theoretical analysis of Section II and discussion which follows in Section III. The proof that the indirect ET and Ex pathways yield the same recombination rate constant when formulated in a Sturmian basis set is given in the Appendix.
II. THEORY
The interaction of atoms A and B to form molecule AB may be viewed as a two-step process beginning with
where u i denotes an unbound state with energy E u i obtained by diagonalizing a two-body Hamiltonian with potential v AB in a Sturmian basis set. The energy eigenstates are assumed to provide a complete basis for both the dynamics and kinetics. The unbound state may be a quasibound resonance or a discretized representative of the non-resonant background. 19 The equilibrium constant between the free continuum and the interacting unbound state at a temperature T is given by
where Q A and Q B are atomic partition functions, Q T is the translational partition function, g u i is the degeneracy of the unbound state, and k B is Boltzmann's constant. The second step of the process stabilizes AB(u i ) to form a bound state AB(b j ) through collision with a third body C or emission of a photon ν,
The rate constant for the two-step process is given by
with
where v =  8k B T/π µ is the average velocity for reduced mass µ. In Equation (6) , there are no kinetic adjustments of the kind described in Equation (1) to account for depletion of long-lived resonances or feedback mechanisms for their repopulation. The connection between kinetic models and nonresonant states included in the summation of Equation (6) is addressed in the master equation analysis given below. Particular attention is given to quantum kinetic models which treat the feedback and decay terms self-consistently.
The effective cross section for the TBR stabilization step is given by
The radiative decay width Γ u i → b j may be computed from matrix elements of the lowest order terms of a multipole expansion. This formulation agrees with the result obtained previously 2, 6 for resonant RA; however, the present theory also includes non-resonant contributions in Equation (6) . Likewise, the present formulation agrees with ORT but also includes nonresonant contributions. Different pathways for TBR may be considered within this formulation. In general, atoms A and B may recombine through a direct D pathway or through an indirect ET or Ex pathway as shown
with the corresponding transition operatorŝ
where G + E is the outgoing wave Green's function for the full Hamiltonian consisting of the three-body potential V and the total kinetic energy operator. The Moller operators Ω AB and Ω AC in Equations (13) and (14) show that the rate coefficient γ u i → b j in Equation (7) may be identified as a collisional rate coefficient k
with the understanding that u i refers to the AC subspace for the Ex pathway. The transition operatorT D in Equation (12) cannot be considered in this type of analysis because it does not use a Moller operator to convert a free eigenstate to an interacting one. However, it has been shown 15 thatT D may be expressed in terms ofT ET andT Ex , so Equation (6) may be used in general for any of the kinetic pathways leading to TBR. Equation (6) suggests that the rate constant for molecule formation may be written in terms of state-to-state rate coefficients multiplied by the equilibrium constant between the interacting unbound state and the free continuum. It is commonly assumed in ORT; 1, 20 however, that unbound states which are quasibound with negligible tunneling widths Γ tun u i cannot reach equilibrium and should be removed from the summation in Equation (6) . More sophisticated versions of ORT 17, 21 have used the criteria
to selectively remove resonant contributions as a function of third-body concentration [C] . This method produces a significant pressure dependence in the TBR rate constant for a given temperature. For RA, the possibility that a quasibound molecular state can radiatively decay before it has tunneled is typically taken into account [4] [5] [6] [7] [8] [9] [10] by calculating an effective cross section as in Equation (8) using the opacity
where Γ rad u i includes all possible downward transitions. Assuming Γ
≪ k B T allows the integral to be evaluated analytically which leads to the modification
It will be shown that Equation (17) corresponds to a steadystate kinetic model which has zero population for all states with E u j > E u i . As in the case of TBR, this modification produces a significant decrease in the contribution from narrow resonances. In each of these commonly used kinetic models, the depletion of long-lived resonances is assumed without considering mechanisms for their repopulation. Pack, Walker, and Kendrick 13 have shown that three-body collisions can effectively keep long-lived resonances from being depleted. Their master equation analysis revealed pure third-order kinetics with a weak dependence on concentration and tunneling widths. Here, we investigate these dependencies and the possibility that radiative transitions could play a similar repopulating role for resonant RA.
In the present theory, no a priori assumptions are made with respect to the population of unbound states. The validity of Equation (6) is tested via a master equation analysis which balances the formation and destruction of AB via the effective rate equation
where the square brackets denote number density of the enclosed species, and M r and M d are the respective rate constants for formation (recombination) and destruction (dissociation) of the molecule AB. The effective rate constants are defined by
where Γ r and Γ d are the respective rates for RA and photodissociation, and k r and k d are the respective rates for TBR and CID. Equation (6) may be generalized using the definitions
where
In order for the effective rate Equation (18) to be meaningful, it must be consistent with a set of state-specific rate equations. For the ET pathway,
where τ u i is the lifetime of the unbound state u i , and k elastic f → u i is the two-body elastic scattering rate constant which is related to τ
by the equilibrium constant in Equation (3). The functions Φ b i and Φ u i represent source terms which allow energy exchange with the environment. For the moment, we consider a closed system where the source terms are zero. Steady-state solutions to rate equations (21) and (22) may be expressed as
and
It is convenient to express the steady-state concentrations as
is a molecular partition function, and δ b i and δ u i are non-equilibrium concentration defects. Effective rate equation (18) will be consistent with underlying master equations (21) and (22) if the following condition holds:
Equations (25)- (28) may be substituted into Equations (23) and (24). Application of detailed balance yields
After some algebra, we obtain the closed form solution
characterizes any deviations from equilibrium. Equation (34) reduces to the Saha relation when x b i = 1. The matrices A and B which need to be inverted are defined by
Equations (32), (36) , and (37) yield the set of homogeneous equations
Assuming |B| 0, the solution set δ u i = 0 leads to x b i = 1 and δ b i = (1 + δ) −1 − 1 where δ is an arbitrary constant. Therefore, when there is no energy exchange between the system and its surrounding environment, the steady-state solution of the master equation is a Boltzmann equilibrium distribution for all bound and unbound states. While this result is to be expected, the derivation of Equation (38) requires that the ratio M r /M d and the rate constants k r and k d must be independent of concentration and tunneling widths. This requirement differs from kinetic models based on ORT and also conventional kinetic studies of TBR based on the numerical solution of a master equation. 12, 13 This point will be discussed further in Section III and be referred to as the first test of the theory.
The ratio M r /M d may depend on concentration for systems that allow energy exchange with their environment. Therefore, we now include the source terms Φ b and Φ u in master equations (21) and (22) . For a closed system, these may be defined as
where the state-to-state terms Φ i→ j are determined by the particular application. If the source terms drive only upward transitions, then it is convenient to make the definitions
where Θ(x) is the Heaviside step function. Equations (32)-(35) will remain valid if the A and B matrices given by Equations (36) and (37) are replaced by the following generalizations:
These equations lead to the set of inhomogeneous equations
As a second test of the theory, we consider the case where photons from downward radiative transitions are able to exit the system. This is equivalent to setting the state-to-state source terms Φ i→ j = − β Γ i→ j in order to remove upward radiative transitions that are contained in the definition of M i→ j . For an optically thick gas, β = 0 and Equation (38) is recovered. For an optically thin gas, β = 1 and the set of inhomogeneous equations (45) becomes
which may be solved to obtain the steady-state modification from equilibrium. The solution may be expressed as
In the low density [C] → 0 limit,
represents a dissociative feedback pathway induced by collisions from the ground state b 1 . If this term is neglected, the result
is obtained. This equation may be solved iteratively starting with the quasibound state which has the largest energy and the assumption that δ u = 0 for all unbound states which are not quasibound. It is noteworthy that Equation (53) reduces to
when δ u j = −1 which corresponds to zero population for all unbound states with j > i. This assumption leads to resonant rate coefficient (17) 
is an additional term which differs from Equation (17) . The negative contribution removes downward transitions to unbound states which are included in conventional models. [4] [5] [6] [7] [8] [9] [10] For narrow resonances, the negative term may be neglected, and the result is an enhancement in the resonant rate constant compared to Equation (17) . This enhancement would be even larger when dissociative feedback (52) is included. It is noteworthy that the assumption ϵ i = 0 cannot hold for all unbound states. If it did, rate equations (21) and (22) would require the steady-state concentrations to be zero for all states other than the ground state. The dissociative feedback pathway allows unbound states to be replenished through collisions at low density in a manner which is independent of third-body concentration. Normally, the population of quasibound states is expected to be less than or equal to the equilibrium value so that δ u i ≤ 0. However, it is possible to have unbound populations such that δ u i > 0. For example, at very low temperatures, it may be possible to have ϵ i ≈ 1 for u i equal to the lowest-lying quasibound state, if the energy of this state is close to zero. In this case, δ u i ≈ τ u i Ψ
IN
i which can be significantly larger than zero for a quasibound state with a large lifetime. This would yield the resonant contribution
which would not only be an enhancement compared to Equation (17) but would also be an enhancement compared to Equation (6) . These types of resonant enhancements compared to conventional kinetic models are the second prediction of the present theory.
Equations (43)-(49) may also be used to compute nonequilibrium coefficients (35). In the low density limit, the ground state coefficient
is obtained which dominates all other coefficients by O [C]
. The denominator is consistent with previous studies of CID. [22] [23] [24] Substitution into Equation (34) yields the result
.
Equation (59) reveals that the ratio M r /M d has an inverse dependence on the third-body concentration for a low density non-LTE system. This result follows from Equation (34); however, it may also be obtained directly from the defini-
which demonstrates the self-consistency of the theory. Equation (59) applies to both RA and TBR at low densities. In both cases, the formula yields a large molecule-to-atom ratio due to the small non-LTE dissociation rate in the denominator. The effect is amplified at low temperatures and goes against expectations for primordial gas which is purely atomic. There are two ways to reconcile this dilemma:
• The assumption that T is constant breaks down. This is consistent with hydrodynamic models of primordial star formation 25, 26 and suggests that steady-state populations may not be reachable within the cooling timescale. In this case, it may be sufficient to assume that rate equation (22) reaches a steady-state without imposing the same requirement for Equation (21) . This would allow Equations (53) and (60) to serve as a model for molecule formation for a given T before it changes. However, care should be used when attempting to include this model as part of a larger kinetic model with an associated master equation because the nonequilibrium defects δ u may change.
• The assumption that [C] → 0 breaks down. Although the system is assumed to be closed with respect to the number of atoms of a particular type, the steady-state ratio (59) allows for increasing gas density at a constant T so long as the density remains small enough that collisions are negligible compared to radiative decay. As the density increases, however, collisions become important and the non-LTE dissociation rate increases towards its LTE value. In this case, Equation (59) would need to be replaced by Equations (60) and (61) with updated values of δ u and δ b to reflect the increased density. For constant temperature, this would eventually lead to high density.
In order to address this second possibility, we now consider an optically thin gas where radiative transition probabilities are small compared to collisional transition probabilities. If we maintain the assumption of constant temperature, then Equations (47)-(49) may be used, and the high density [C] → ∞ limit yields the result
Equation (64) leads to a set of homogeneous equations for all δ u i independent of the value of τ u i . This shows that the steady-state solution of the master equation is equal to a Boltzmann equilibrium distribution to O([C] −1 ) when there is energy leaving the system at constant T. Therefore, we conclude that the usual practice of removing long-lived resonances from the recombination rate constant is not justified for an isothermal process. Because a low density gas described by Equation (59) contracts until high densities are reached, the steady-state solution for an isothermal process is LTE. In this case, the resonant contribution should be included in its entirety, and Equations (6) and (7) should be used without any modifications. This is the third prediction of the present theory.
III. DISCUSSION
As shown above, the self-consistent steady-state solution of a Sturmian master equation for an isolated system at constant temperature is a Boltzmann equilibrium distribution for all bound and unbound states. This result differs from the vast majority of TBR studies which utilize a kinetic scheme based on ORT. The important works of Schwenke 12 and Pack, Walker, and Kendrick 11, 13 noted that ORT yields an unphysical pressure dependence. They provided a numerical solution to a master equation and a fitting procedure to obtain k r and k d . While this approach is valid, in principle, it is difficult to implement and provides limited insight. It also yielded rate constants that were dependent on concentration 12, 13 although the dependence was far less than in ORT. Both of these studies 12, 13 considered isolated systems; however, the steady-state solutions of their master equations were not the same as a Boltzmann distribution. In the calculations by Pack, Walker, and Kendrick, 13 the dependence on concentration may have been due to their rate coefficients 11 which did not exactly satisfy detailed balance. Rate coefficients must satisfy detailed balance in order to get the kinetic equations to yield the correct steady-state populations. It is noteworthy that Schwenke 12 considered a mixture of third bodies whose concentrations may change as the reaction proceeds. This greatly complicated his analysis and led to a breakdown of the "linear mixture rule" which assumes the rate constants are independent of concentration. In the present theory, there is no such breakdown of the linear mixture rule for an isolated system because the ratio
must be independent of concentration. Equation (65) is the first test of the present theory. This test applies to mixtures of third bodies because the same analysis applies if we replace Γ r and
. The linear mixture rule is maintained in this case due to the condition
which is required in the derivation leading to Equation (38). The second test of the present theory considers a lowdensity gas that loses energy to its surrounding due to exiting photons, and it is assumed that a steady-state population of quasibound states may be obtained within the cooling timescale. The prediction here is that Equations (53) and (60) should replace Equation (17) for computing the resonant contribution. Considering that Equation (17) is normally used for very narrow resonances that are difficult to resolve in a scattering calculation, the present prediction will necessarily increase the recombination rate constant compared to conventional calculations [4] [5] [6] [7] [8] [9] [10] that do not account for repopulation of quasibound states due to transitions from unbound states which are higher in energy. This enhancement may be significant at low temperatures. For example, the resonant RA rate constant for CH + at a temperature of 10 K decreased by two orders of magnitude 8 when Equation (17) was used in place of Equation (6) . If the ∆ u i term is included in Equation (55), the resonant rate constant would likely increase by a comparable magnitude if the transition matrix elements between the unbound and quasibound states are similar to those between unbound and bound states. It would be interesting to see whether this could help explain the observed concentration of CH + in the interstellar medium. 27 A further increase would occur if a steady-state population of bound states may also be reached within the cooling timescale. This corresponds to an isothermal process and leads to the third test of the present theory. In this case, the density increases as photons produced by spontaneous emission exit the system, and the prediction is that all unbound states, including extremely long-lived quasibound states, will reach a steady-state population that is the same to leading order in an asymptotic expansion as would be obtained by a Boltzmann equilibrium distribution. As a result, the steady-state resonant contribution should be included in its entirety (i.e., without the removal of contributions from long-lived quasibound states) and Equations (6) and (7) should be used to calculate the recombination rate constants. This prediction applies to both RA and TBR at constant temperature. However, Equation (59) shows that caution should be used when attempting to determine M d from M r . The usual rate quotient law given by x b i = 1 in Equation (34) would provide a substantial overestimate of M d for a given M r at low densities.
The three predictions described above remain valid when exchange processes are included in the master equation analysis (see Appendix). It is further demonstrated that the indirect ET and Ex pathways yield the same recombination rate at equilibrium. Because the direct operatorT D may be expressed in terms ofT ET andT Ex , the present theory is in complete agreement with the analysis of Wei et al. 15 There is some ambiguity associated with interpreting the various mechanisms in the context of classical TBR. In previous work, 19 it was speculated that the direct contribution obtained from classical trajectory calculations might correspond to the complete TBR rate in accordance with Ref. 15 . It should be noted, however, that the transition operatorT D for direct process (9) acts on free states, whereas the transition operatorŝ T ET andT Ex for the second step of indirect processes (10) and (11) act on continuum states of an interacting subsystem. If the direct contribution is interpreted as corresponding to the non-resonant part of a two-step mechanism, then the direct and indirect contributions will clearly be independent and not identical as they are both part of a single pathway. These differing interpretations of the direct process are responsible for the apparent contradiction between the formal proof 15 and the practical calculations described in the Introduction. When the resonant contribution is zero, as in the case of helium TBR, the non-resonant part of the ET or Ex pathway yields the full rate coefficient. If the representation of interacting unbound states in the two-body subspaces is complete, then the rate coefficient computed in both pathways should be the same.
The present theory may be viewed as a practical implementation and generalization of the quantum kinetic theory of Snider and Lowry. 14 A Sturmian representation provides a natural way to achieve this implementation because the energy eigenstates form a complete basis for both dynamics and kinetics. A previous attempt to use an L 2 representation of broad above barrier resonances within the ET mechanism 11 was unsuccessful due to an apparent arbitrariness in the number of nodes which were retained in the L 2 representation before truncating and normalizing. This led the authors 11 to conclude that non-resonant continuum states could not in practice be included in an accurate quantum calculation of the ET mechanism. This issue was further investigated with a Sturmian representation 19 using the same energy sudden approximation employed in Ref. 11, and it was found that at this level of dynamical approximation, the broad resonances and nonresonant continuum states could in practice be included within the ET mechanism. This suggests that a practical demonstration of the equivalence of alternative pathways may be possible; however, the formulation 19 did not provide a numerical test because it considered only a single pathway. Likewise, the recent study of helium TBR 18 calculated the rate constant for single direct pathway (9), so it does not provide a numerical test of the equivalence with indirect pathways. Other studies of TBR 16, 17, 20 have considered multiple pathways, but these also do not provide a reliable test of the formal proof because they do not include a complete representation of intermediate states along a given pathway. Furthermore, such calculations sum the contributions from each pathway in an incoherent manner which may introduce errors associated with the double-counting of transition probability. 15 The completeness of a two-body Sturmian representation allows TBR to be formulated in any desired mechanism, or in the case of identical particles, as a symmetrized combination of ET and Ex mechanisms. Normally, it is most convenient to formulate the calculation using the ET mechanism. For reactive systems which can easily exchange atoms, the convergence rate of the Sturmian basis set can be extremely slow. A similar situation arose in reactive scattering formulations which employed negative imaginary potentials to absorb the reactive flux. 28 A rapid increase in the convergence rate was achieved in these calculations by using a transformation from the asymptotic diabatic basis set to successive sectors of local adiabatic basis sets. [28] [29] [30] [31] [32] [33] [34] [35] A similar set of transformations would be helpful to improve convergence rates using the Sturmian basis sets implicit in the present theory. It is worth noting that Sturmian representations have been very successful in describing electron and photon collisions with atoms. 36 Therefore, it is expected that the theory described here for molecule formation should also be applicable to atomic ionization and recombination.
A key advance here is the requirement that detailed balance is enforced not just between bound state transitions, but also for transitions between bound and unbound states. This allows Equations (19) and (20) to be evaluated using equilibrium concentrations for any thermodynamically isolated system. A complicated master equation analysis of the kind described in the classic TBR papers 12, 13 is not necessary for such systems because the equilibrium and steady-state concentrations are the same. For closed systems where the steady-state concentrations differ from equilibrium, modified Equations (60) and (61) may be used to calculate the rate constants. The non-equilibrium concentration defects δ b i and δ u i may be obtained from basic Equations (32)-(35) using matrices (43) and (44). These equations apply to a non-LTE system where the source terms drive upward transitions. In the RA example considered in the present work, the source terms were negative (sinks) to remove upward radiative transitions contained in the definitions of M i→ j . Positive source terms due to radiation from an external source such as a star could be handled in a similar manner. Because Equations (32)- (35) represent a formal solution to a governing master equation, a set of rate coefficients and widths may be used directly to obtain steady-state association and dissociation rate constants without further numerical methods for handling the kinetics. This may be particularly useful for systems which have extremely long-lived resonances that increase the stiffness of the master equation. 24 A final note concerns the utility of the present theory for dynamical formulations which do not employ Sturmian basis sets. For RA, the conventional numerical techniques [2] [3] [4] [5] [6] [7] [8] [9] [10] for computing matrix elements of the dipole operator needed in Equation (54) may also be employed in Equation (53). Therefore, it should be straight-forward to test prediction (ii). For TBR, the use of classical trajectories is the most common method for computing the rate constant. For reasons discussed above, this approach does not lead to identical rate constants for each mechanism. Esposito and Capitelli 17 have recommended "carefully" summing up contributions from the various mechanisms in such a way that double-counting does not occur. For this approach to be consistent with prediction (iii) of the present theory, the strong pressure-variation of FIG. 1. TBR rate constant for H+H+H. The DEB + ORT curve corresponds to the low pressure limiting case reported by Esposito and Capitelli. 17 Also shown is the quantum calculation performed by the present author. 37 the ORT contribution arising from the criteria used to select quasibound states [see Equation (15) ] would need to be replaced by the low pressure limiting result so that all resonances are included independent of pressure. This point is illustrated in Figure 1 for the important case of hydrogen recombination. 37 The so-called DEB result of Esposito and Capitelli 17 refers to detailed balance applied to a quasiclassical CID calculation for H + H 2 . As mentioned above, a previous interpretation 19 suggested that the DEB result might correspond to the complete TBR rate constant in accordance with the operatorT D . The alternative (and probably better) interpretation is that it corresponds to the non-resonant part of the transition operatorŝ T ET andT Ex . When all of the resonant contributions are added without removal of long-lived quasibound states, the DEB + ORT result shown in Figure 1 is obtained. This combined result corresponds to the low pressure limiting case given by Esposito and Capitelli. 17 For increasing pressure, the longlived quasibound states were removed according to Equation (15) which caused a strong variation in the reported DEB + ORT results. 17 This pressure dependence is inconsistent with prediction (iii) of the present work for a closed system at constant temperature. In this case, the steady-state resonant contribution should be included without removal of contributions from long-lived quasibound states. Therefore, the classical dynamical rate constant for all pressures should be the DEB + ORT result shown in Figure 1 . For the temperatures shown in the figure, this classical rate constant is about two times larger than the quantum mechanical rate constant computed by the present author 37 using the energy sudden approximation.
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APPENDIX: PROOF THAT ET AND EX PATHWAYS YIELD IDENTICAL RATE CONSTANTS
TBR is considered for an isolated system which allows both the ET and Ex mechanisms given by Equations (10) and (11) . As before, no a priori assumptions are made with respect to the population of bound or unbound states. The formation of molecule AB is described by the rate equation
In order for the rate coefficients k r and k d in phenomenological rate equation (A1) to be meaningful, it is necessary that they be consistent with an underlying master equation which properly describes the system under consideration. The master equations for the present system may be written as
with similar expressions for the bound and unbound concentrations of AC. It is convenient to express the steady-state concentrations as
and similar expressions for AC. For self-consistency, we define
If we can prove that δ
, then phenomenological rate equation (A1) will be consistent with the underlying master equations (A4) and (A5). Substituting (A6)-(A9) into (A4) yields the steady-state equation
A similar expression for
) may be obtained and then substituted into the right-hand-side of Equation (A11) to yield the equation
wherẽ
In order to evaluate the right-hand-side of Equation (A13), we need to obtain δ AB u l and δ AC u l
. Substituting Equations (A6)-(A9) into Equation (A5) yields the steady-state equation
Expressing ( ) using Equation (A13) and substituting into Equation (A17) yields the set of equations
whereδ u j is a column vector comprised of δ 
Using the identities
it is straight-forward to show that
which yields in Equation (A20) a set of homogeneous equations forδ u j . Assuming |B| 0, the trivial solutionδ u j = 0 is obtained which leads to (1 + δ AB )(1 + δ
If the arbitrary constants δ AB and δ AC are set to zero, Equations (A2) and (A3) reduce to
and it is easily seen that detailed balance may be applied to both the ET and Ex rate coefficients to show that
This proof, which is based on representation theory and detailed balance, is in complete agreement with the operator theory proof given by Ref. 15 . It shows that the rate constants k r and k d are independent of concentration and tunneling widths for an isolated system and may be computed using either ET or Ex rate coefficients. It is also noteworthy that the above notation may be generalized to include RA and any number of diatomic electronic states γ usingM
andB which establishes a more general pathway independence at LTE. For a low-density closed system which radiates energy to its environment, Equations (53) and (60) generalize to
